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7.1 Introduction

هقـذهـت

 The temperature at which water boils depends on the elevation above sea level
(the boiling point drops as you ascend).
 The interest paid on a cash investment depends on the length of time the
investment is held.
 The area of a circle depends on the radius of the circle.
 The distance an object travels from an initial location along a straight line path
depends on its speed.
 In each of the previous cases, the value of one variable quantity, which we might
call y, depends on the value of another variable quantity, which we might call x.
 Since the value of y is completely determined by the value of x, we say that:
y is a function of x.


Often the value of y is given by a rule or formula that says how to calculate it
from the variable x.

 For instance, the equation A = πr2 is a rule that calculates the area A of a circle
from its radius r.
 A symbolic way to say “y is a function of x” is by writing.
y = f (x) (“y equals f of x”)
 In this notation:
-

The symbol ƒ represents the function.

-

The letter x, called the independent variable, represents the input value of ƒ.

-

The letter y, called the dependent variable, represents the corresponding
output value of ƒ at x.

Definition of Function
A function from a set D to a set Y is a rule that assigns
a unique (single) element ƒ(x)  Y to each element x  D.
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7.2 Domain and Range

الوجـال و الوجـال الوقـابـل

 The set D of all possible input values is called the domain of the function.


The set of all values of ƒ(x) as x varies throughout D is called the range of the
function. The range may not include every element in the set Y.

 Think of a function ƒ as a kind of machine that produces an output value ƒ(x) in
its range whenever we feed it an input value x from its domain, and as shown if
the figure below.

 A function can also be pictured as an arrow diagram. Each arrow associates an
element of the domain D to a unique or single element in the set Y.
 In the figure below, the arrows indicate that ƒ(a) is associated with a,
ƒ(x) is associated with x, and so on.
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Example 1. Find the domain and the range of the functions:
2

(a) y = x

(b) y = 1/x

(d) y  4  x

(e) y  1  x 2

(c) y  x

Solution:
(a) The formula y = x2 gives a real y-value for any real number x, so the domain is
(– ∞, ∞). The range of y = x2 is [0, ∞) because the square of any real number is
nonnegative and every nonnegative number y is the square of its own square
root, y   y 2 for y ≥ 0.
(b) The formula y = 1/x gives a real y-value for every x except x = 0. We cannot
divide any number by zero. The range of y = 1/x, the set of reciprocals of all
nonzero real numbers, is the set of all nonzero real numbers, since y = 1/(1/y).
(c) The formula y  x gives a real y-value only if x ≥ 0. The range of y  x is [0,
∞) because every nonnegative number is some number’s square root (namely, it
is the square root of its own square).
(d) In y  4  x , the quantity 4 – x cannot be negative. That is, 4 – x ≥ 0, or x ≤ 4.
The formula gives real y-values for all x ≤ 4. The range of y  4  x is [0, ∞),
the set of all nonnegative numbers.
(e) The formula y  1  x 2 gives a real y-value for every x in the closed interval
from – 1 to 1. Outside this domain, 1 – x2 is negative and its square root is not a
real number. The values of
1 – x2 vary from 0 to 1 on the given domain, and the square roots of these values
do the same. The range of y  1  x 2 is [0, 1].
he answer of example 1 is summarized in the table below.
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Example 2. If f ( x)  6 x 2  7 x  12 , find: (a) f (5) (b) f (4)
(c) f (b)

(d) f (2  a)

Solution:
(a) f (5)  6(5) 2  7(5)  12
 6(25)  35  12

 150  35  12
 127
(b) f (4)  6(4) 2  7(4)  12
 6(16)  28  12

 96  40
 136
(c) f (b)  6(b) 2  7(b)  12

 6b 2  7b  12
(d) f (2  a)  6(2  a)2  7(2  a)  12
 6(4  4a  a 2 )  14  7a  12
 24  24a  6a 2  2  7a
 6a 2  17a  22

7.3 Graphs of Functions

الـرسن البيـاني للذوال

 If ƒ is a function with domain D, its graph consists of the points
in the Cartesian plane whose coordinates are the input-output
pairs for ƒ.
 In set notation, the graph is: {(x, f(x)) | x  D}
 The graph of the function f(x) = x + 2 is the set of points with coordinates (x, y)
for which y = x + 2. Its graph is sketched in the figure below.

Chapter 7: Functions and Their Graphs

5

7.4 The Vertical Line Test

إختبـار الخـط العوـودي

 A function ƒ can have only one value ƒ(x) for each x in its domain.
 No vertical line can intersect the graph of a function more than once.


Thus, a circle cannot be the graph of a function since some vertical
lines intersect the circle twice (see figure a below).

 If a is in the domain of a function ƒ, then the vertical line x = a will
intersect the graph of ƒ in the single point (a, ƒ(a)).
 The circle in figure a below, however, does contain the graphs of
two functions of x; the upper semicircle defined by the function:

f ( x)  1  x 2
and the lower semicircle defined by the function
g ( x)   1  x 2
(see figures b and c below).

6

Chapter 7: Functions and Their Graphs

Example 3. Which of the graphs below are graphs of
functions of x, and which are not?

Solution:
Only graph b is a graph of a function of x.
7.5 Even Functions and Odd Functions

الـذوال الـزوجيـت و الـذوال الفـرديـت

Definition: Even Function and Odd Function
A function y = ƒ(x) is an:
even function of x if ƒ( x) = ƒ(x), or
odd function of x if ƒ( x) =  ƒ(x),
for every x in the function’s domain.
 The graph of an even function is symmetric about the y-axis.
 The graph of an odd function is symmetric about the origin.

Even function (symmetric about the y-axis)
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Odd function (symmetric about the origin)

Example 4. Determine whether the following functions are
even, odd, or neither:
(a) f ( x)  7 x 2 (b) g ( x)  4 x  6
(d) F ( x)  4
x6

(c) h( x)  6 x  3 x

Solution:
(a) f ( x)  7( x) 2  7 x 2 . Since ƒ( x) = ƒ(x), f is an even function.
(b) g ( x)  4( x)  6  4 x  6 . Also,  g ( x)  (4 x  6)  4 x  6 .
Since neither g( x) = g(x) nor g( x) =  g(x) is the case,
the function g is neither even nor odd.
(c) h( x)  6( x)  3  x  6 x  3 x .
Thus, h( x) =  h(x) and h is an odd function.
4   4 . Since neither F( x) = F(x) nor
 x6
x6
F( x) =  F(x) is the case, the function F is neither even nor odd.

(d) F ( x) 
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7.6 Trigonometric Functions

الذوال الوثـلثـيـت

 By drawing up tables of values from 0° to 360°, graphs of y = sin A,
y = cos A and y = tan A may be plotted.

 Values obtained with a calculator, using 30° intervals, are shown
below, with the respective graphs shown in the figure below.

 From the previous it is seen that:
- Sine and cosine graphs oscillate between peak values of ±1.
- The cosine curve is the same shape as the sine curve but displaced by 90°.
- The sine and cosine curves are continuous and they repeat at intervals of 360°;
the tangent curve appears to be discontinuous and repeats at intervals of 180°.

7.7 Sine and Cosine Curves

هنحنيـاث دوال الجيـب و الجيـب توـام

 A graph of y = sin A is shown by the broken line in the figure
below and is obtained by drawing up a table of values as illustrated
earlier.
 A similar table may be produced for y = sin 2A.
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 A graph of y = sin 2A is shown in the figure below.

 A graph of y = sin A is shown in the figure below using the
following table of values.
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 A graph of y = cos A is shown by the broken line in the following
figure, and is obtained by drawing up a table of values.

 A similar table may be produced for y = cos 2A with the result
as shown below.



A graph of y = cos A is shown in the figure below which may be
produced by drawing up a table of values, similar to above.

7.8 Periodic Functions and Period

الذوال التـردديـت و الفتـراث



Each of the graphs shown in the last four figures will repeat themselves
as angle A increases and are thus called periodic functions.



y = sin A and y = cos A repeat themselves every 360° (or 2π radians);
thus 360° is called the period of these waveforms.



y = sin 2A and y = cos 2A repeat themselves every 180° (or π radians);
thus 180° is the period of these waveforms.



In general, if y = sin pA or y = cos pA (where p is a constant)
then the period of the waveform is 360° / p (or 2π / p rad).



Hence if y = sin 3A then the period is 360°/3 = 120°,
and if y = cos 4A then the period is 360°/4 = 90°.
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7.9 Amplitude

الشــذة



Amplitude is the name given to the maximum or peak
value of a sine wave.



Each of the graphs shown in the last four figures has an
amplitude of +1 since they oscillate between +1 and −1.



However, if y = 4 sin A, each of the values in the table
is multiplied by 4 and the maximum value (the amplitude)
is 4.



Similarly, if y = 5 cos 2A, the amplitude is 5 and the period
is 360°/2 = 180°.

Example 5. Sketch y = sin 3A between A = 0º and A = 360º
Solution:
Amplitude = 1 and period = 360°/3 = 120°.
A sketch of y = sin 3A is shown in the following figure.

Example 6. Sketch y = 3 sin 2A from A = 0 to A = 2π radians.
Solution:
Amplitude = 3 and period = 2π/2 = π rads.
A sketch of y = 3 sin 2A is shown below.
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7.10 Exponential Functions:

الـذوال األســيـت

 Functions of the form f(x) = a x, where the base a > 0
is a positive constant and a ≠ 1, are called exponential
functions.
 All exponential functions have domain (– ∞, ∞) and
range (0, ∞).
 The graphs of some exponential functions are shown below.

7.11 Logarithmic Functions

الـذوال اللـوغـارتوـيت

 These are the functions f(x) = log a x, where the base
a ≠ 1 is a positive constant.
 The figure below shows the graphs of four logarithmic
functions with various bases.
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